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The report presents an approach to passive vibration control of thin-walled structures utilizing shape memory alloy (SMA) “stringers.” The 
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The report represents a draft of the journal paper that will be submitted to an archival 

journal in February-March 2010. The material will also be presented at one of the forthcoming 

conferences. For convenience, the outline of the effort is provided below: 

Summary of the Report 

1. The problem of dynamics of a plate (cross-ply symmetrically laminated plate or particular 

cases, such as an isotropic plate) with shape memory alloy (SMA) stringers was considered. The 

stringers represented SMA wires embedded within resin sleeves bonded to the plate and free to 

slide along the sleeves. The wires were statically pre-stretched (static offset). As a result, during 

vibrations of the plate, SMA wires experienced superelastic hysteresis with incomplete phase 

transformation.  

2. The original idea of SMA stringers directly bonded to the plate in the manner similar to 

conventional stiffeners appeared unpractical since these stringers could not be statically 

prestressed. As a result, it was impossible to fully utilize the superelastic transformation and 

damping was insufficient.  

3. The alternative design that was also considered in detail involved prestressed SMA wires 

supporting the plate within the span. This approach enabled us to utilize all advantages of the 

former approach (wires in sleeves), while resulting in a simple structural solution. Numerical 

results for the loss factor generated for this solution illustrated excellent damping of the plate-

SMA wire system.  

 In conclusion, the study illustrated that “SMA stringers” can both enhance the stiffness 

acting similarly to a nonlinear elastic foundation or elastic supports and dramatically improve 

damping of the structure. While the solution for the enhanced stiffness was pioneered in the 

previous research of PI, the improvement of damping as well as the comprehensive theoretical 

formulation presented in this study represent a new development providing further justification 

to the use of SMA element in plate and shell structures.  

 

----------------------------------------------------- 

The paper presents an approach to passive vibration control of thin-walled structures 

utilizing shape memory alloy (SMA) “stringers.” The stringers represent prestressed superelastic 

SMA wires sliding within protective sleeves that are either embedded within the structure or 

Abstract 



bonded to its surface. The vibration control mechanism combines an effective elastic foundation 

reflecting the support provided by SMA wires to the structure with energy dissipation as a result 

of the hysteresis occurring in the wires. The second method of vibration control considered in the 

paper employs superelastic strings attached to the structure at discrete points and experiencing 

large-amplitude lateral vibrations as a result of near-resonant excitation conveyed from the 

structure. The potential advantage of this method is related to higher strain range in the strings 

resulting in more robust energy dissipation. As follows from numerical examples, the proposed 

methods offer significant passive damping and reductions in the vibration amplitudes.  

  

Keywords:

 

 Shape memory alloy, vibration control, hysteresis. 

Analysis 

 Consider a plate subject to dynamic loading and supported by SMA wires in the sleeves 

that can be uniformly or nonuniformly distributed (Fig. 1). If a SMA wire is free to slide within 

the sleeve embedded within the structure or bonded to its surface it provides the support to the 

plate similar to that of an equivalent elastic foundation (Epps and Chandra, 1997). In this paper 

as well as in the subsequent papers by Birman (2007a, b) it was assumed that the range of strain 

being limited the wire remains in the austenitic phase and does not experience phase 

transformation. This assumption is not valid if the wire is prestressed to the strain corresponding 

to a partial transformation as is shown in Fig. 2.  The motivation for such partial transformation 

is that it enables us to utilize the hysteresis corresponding to the range of strains imposed by the 

vibrating structure. Indeed, the typical strain range corresponding to the complete hysteresis is of 

an order of several percent (Seelecke et al., 2002; Zak et al. 2003), i.e. it requires the motion with 

exceedingly large amplitudes that seldom encountered in structural applications. Therefore, it is 

anticipated that the wire will experience a partial transformation during vibrations. Although the 

relevant strain range is limited and corresponds to an incomplete hysteresis loop, the energy 

dissipation may still be significant. Furthermore, if the wire is replaced with a string attached to 

the structure at one or several points, its vibration-induced strain range may significantly exceed 

that of the structure resulting in higher energy dissipation.    

1. Dynamics of Plates supported by Prestressed SMA Wires acting as an Elastic Foundation 



The stiffness of the foundation modeling the effect of a system of wires was derived by 

Epps and Chandra

Introduction to the analysis: single SMA wire by the complex modulus approach 

 

μx =

(1997) and expanded by Birman (2007a,b). Here we extrapolate the approach 

in the latter paper by accounting for the geometrically nonlinear effect. The bending moment 

acting at a cross section of a wire oriented in the x-direction, prestressed by a tensile 

force 0T  and subject to a concentrated force Q as shown in Fig. 3 is 

( ) ( )[ ] μxμxQwTx
a
μaQM ≥−−−

−
=          (1) 

where w  is a deflection of the wire from the straight position.  

The tensile force in the wire includes both the static preload as well as the real-time 

dynamic contribution associated with the phase transformation. In this paper we employ the 

complex modulus approach to the characterization of SMA wire following Gandhi and Wolons 

(1999). According to this approach, the dynamic stress superimposed on the static prestress as a 

result of vibrations is given by (e.g., Nashif et al., 1985) 

22
0 εεEεEσ −′′±′=           (2) 

where the dynamic strain range is  

ωtεεorωtεε sincos 00 ==       (3) 

In (3)ω  is the driving frequency and t is time.  

For a harmonic strain given by the first equation (3) the storage and loss moduli are evaluated as 

( )

( ) ωttσ
πε
ωE

ωttσ
πε
ωE

ω
π

ω
π

sin

cos

2

00

2

00

∫

∫

=′′

=′

         (4) 



Using eqns. (4) and experimental data, Gandhi and Wolons (1999) generated curves for 

the storage and loss moduli of the material as functions of the range (amplitude) of dynamic 

strain and the frequency of excitation. 

If the wire vibration could be modeled as ( ) ( ) ωtxWx,tw cos= , the density of energy 

dissipation that occurs in the wire during one cycle of vibration is evaluated as (Nashif et al., 

1985): 

2
0εEπuw ′′=            (5) 

The amplitude of strain of the wire is related to the deflection of the structure that is equal 

to that of wire. If this deflection is known or prescribed, and represented as ( ) ( ) ( )tfxWx,tw =  

where the time function is normalized so that ( ) 1max =tf , 

( )∫=
a

x dxW,
a

ε
0

2
0 2

1           (6) 

The tensile force during vibrations of the wire characterized by the first equation (3) can 

now be represented as  

( ) AεωtEωtETT 00 sincos ′′±′+=         (7) 

where the sign depends on the sign of ωtcos  and A is the cross sectional area of the wire. In 

case where the excitation is given by the second equation (3), trigonometric functions in (7) are 

interchanged.  

The negligible bending stiffness of the wire implies that the moment in (1) is equal to 

zero. Accordingly, (1) and (7) yield at μx =  

( ) ( )[ ] ( )μwAεωtEωtET
μμa

a
Q 00

0 sincos ′′±′+
−

=       (8) 

 Representing the reaction of the wire by an elastic foundation one can write the stiffness 

at an arbitrary location x as 



( ) ( ) ( ) ( ) ( ) AεωtEωtE
xxa

a
xxa

aT
xw

Qtxk 0
0 sincos, ′′±′

−
+

−
==      (9) 

The first term in the right side of (9) is identical to that derived by Birman (2007a) 

without accounting for dynamic deformations of the wire, while the second term represents the 

correction for these deformations. It is interesting to note that the stiffness of the foundation is 

time-dependent as a result of the dynamic stress generated in the wire. 

It is obvious from (9) that the foundation provided by the SMA wire applies time-

dependent harmonic reaction to the supported structure. In the previous studies (Epps and 

Chandra, 1997; Birman, 2007a) this dynamic component of the reaction was neglected. In the 

present paper our goal is to estimate a potential for energy dissipation. Accordingly, the time-

dependent contribution to the foundation reaction is incorporated in the study. 

The presence of the time-dependent term in the right side of (9) implies that the equation 

of motion of the structure affected by the product ( ) ( )txwtxk ,,  will contain products 

( ) ωtx,tw cos  and ( ) ωtx,tw sin . This means that the single-term harmonic excitation applied to 

the SMA wire results in a complicated time-dependent motion of the structure. In turn, this 

multi-harmonic motion forces the motion of the wire. Therefore, as long as the foundation affects 

the time-dependent response of the structure, this response cannot be approximated by a single-

term harmonic motion, even if the driving force is a single-term harmonic function of time.  

Note that in reality, the plate will be supported by SMA wire over a part of the span that 

does not include the boundaries, i.e. 21 axa ≤≤ , Fig. 4. Besides technological difficulties 

designing the sleeves extended to the boundary points, such sleeves spanning over the entire 

length of the wire would produce prohibitively large local stresses at 0=x and ax = as is 

evidenced by the singularities of the terms in the right side of (9). Nevertheless, the points  

1ax = and 2ax = being close to the edges we can assume that the mode shape of the SMA wire 

within 10 ax ≤≤ and axa ≤≤2 remains nearly identical to the deformed shape of the structure. 

Approach to the analysis of forced vibrations of a symmetrically laminated cross-ply plate 

supported by a system of parallel SMA wires 



In the following analysis we limit ourselves to the evaluation of the loss factor. However, 

if one aspires to analyze the response of the plate, the approach could be as follows. Let us 

assume that the pressure applied to the plate is given by 

( ) ( ) ωtyxptyxp cos,,, =          (10) 

The response of the plate to the applied pressure as well as to the reaction of the 

foundation (SMA wires) is sought in the form  

( ) ( ) ( )∑
=

+=
N

n
nn ωntBωntAyxWtx,yw

1
sincos,,       (11) 

Retaining a sufficient number of terms in series (11), the unknown amplitudes nA and 

nB should be determined from the equations of motion. The difficulty involved in employing 

such equations is related to the necessity to account for the energy dissipation in SMA wires. For 

example, if a cross-ply laminated thin plate is supported by two systems of SMA wires oriented 

along both couples of edges (Fig. 1), this equation becomes 

( ) ( ) ( ) ( )[ ]
( ) ( )[ ] ( )tyxpwtyxKtyxK

wyxCyxCwyxmwDwDDwD yyyyxxyyxxxx

,,,,,,

,,,,,22,

21

2122661211

=++

++++++ 
   (12) 

where bending stiffness coefficients ijD are determined by customary equations, m  is a mass of 

the plate per unit surface area, including the contribution of the wires, and ( )tyxK j ,,  and 

( )yxC j , are the stiffness of the equivalent elastic foundation contributed by the SMA wires and 

their damping coefficient specified below, respectively. The contribution of the sleeves to the 

bending stiffness, stiffness of the equivalent elastic foundation and the damping coefficient could 

be incorporated through the Dirac delta function (e.g., Birman and Bert, 1990). It is anticipated 

that the contribution of resin sleeves to the bending stiffness will be negligible. While SMA 

wires that are free to slide in the sleeves do not contribute to the bending stiffness of the plate, 

their contribution to its mass should be accounted for. If the coordinates of the system of wires 

oriented in the x-direction and y-direction are denoted by ky and nx , respectively,  
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where the stiffness terms are obtained from (9) for the wires oriented in the x-direction and from 

accordingly modified equations for the wires in the y-direction. Furthermore, 

wp ρρ , and sρ denote the mass density of the plate, wire and sleeve materials, respectively, and 

h is the thickness of the plate. The cross sectional areas of the wires oriented in the y and x 

directions and the cross sectional areas of the sleeves encompassing these wires are denoted by 

syxy AAA ,, and sxA .  

 The equivalent viscous damping of a system of wires could be determined from the 

requirement that the energy dissipation in the wire during a cycle of motion should be equal to 

the energy dissipation in the equivalent viscous damper. The former energy in a single wire can 

be evaluated from 

( ) w

ω
π

w Vdt
t
εεσΔU















∂
∂

= ∫
2

0

         (14) 

where the volume of wire is wV . Alternatively, the area enclosed within the inner hysteresis loop 

can be obtained from experiments (e.g., Gandhi and Wolons, 1999).  

The energy dissipated in an equivalent continuous viscous damper oriented in the x-

direction along kyy = with the damping coefficient wxC during one cycle of motion would be 

(Soedel, 1993) 

( )∫ ∫=′
ω
π a

kwxw dxdttx,ywCUΔ
2

0 0

2 ,
2
1

                 (15)  



The requirement ww UU ′∆=∆ results in the expression for the damping coefficient of the wire, 

i.e. wxC .  

 If the wires oriented in the x- and y-directions are uniformly and closely spaced, their 

contribution to the equivalent elastic foundation stiffness, damping and mass per unit surface 

area are incorporated through ( ) ( )k
x

n
y

yyδ
l

,xxδ
l

−→−→
11  where ( )yll xx =  and ( )xll yy = are 

the spacings of the systems of wires oriented in the y and x directions, respectively.  

Accordingly, the relevant terms in equation of motion (12) become  
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The presence of SMA wires does not affect the boundary conditions. Accordingly, the 

analysis of a simply supported plate whose motion is characterized by the equation of 

equilibrium (12) or (16) can be conducted representing the function ( )yxW ,  in (11) in double 

Fourier series satisfying the boundary conditions.  

As was shown above, even if the driving load is a single harmonic function of time, the 

transverse motion of the plate and SMA wires should be modeled by a series of time functions. 

Therefore, it is necessary to accordingly modify that equation (5).  

Relationship between the strain in the wire and the dissipated energy 

Consider the motion of the wire and plate that result in the strain in the SMA wire given 

by series  

( ) ( )( )∑
=

+=
N

n
nn ωntεωntεε

1

21 sincos         (18) 

In the linear problem for each frequency number n the density of the dissipated energy is  



( ) ( )ωnεωnEπuw
2
0′′=           (19) 

where  

( ) ( ) ( )[ ] ( ) ( )[ ]22
0

21
0

2
0 ωnεωnεωnε +=         (20) 

 The total energy dissipated in the wire accounts for the dissipation of energy during one 

cycle of vibration. In the case of multi-harmonic motion, the period is defined by the lowest 

frequency, i.e. 
ω
πT 2

= . The harmonic with the frequency ωn undergoes n  cycles during this 

period. Accordingly, the total energy is  

( ) ( )∑ ′′=
n

ww ωnεωnEnπVΔU 2
0         (21a) 

 If the motion with the driving frequency ω is dominant, equation (21a) can be simplified 

to 

( ) 2
0εωEπVΔU ww ′′=           (21b) 

 The loss factor of the SMA wire is a ratio E
Eηw ′
′′= .  The loss factor of the system 

consisting of the plate and SMA wires can be evaluated using the approach suggested by Ungar 

and Kerwin (1962) as: 

fpw

ffppww

UUU
UηUηUη

η
++

++
=          (22) 

where pη  is the loss factor of the plate and wU and pU are the maximum strain energy in the 

SMA wires in the longitudinal motion, and plate, respectively. The strain energy of the 

equivalent elastic foundation reflecting the reaction of the wire applied to the plate is denoted by 

fU and the corresponding loss factor is fη . Considering the dominant contribution of damping in 

the SMA wire it may be possible to neglect damping in the plate and in the equivalent elastic 

foundation provided by the wire ( 0≈= fp ηη ).  



Consider the problem where the properties of the SMA wire, i.e. its loss and storage 

moduli are known. Let us assume that the strain amplitude in the wire, i.e. 0ε , is prescribed. Then 

the energy dissipated in the wire is determined by (21). The maximum strain energy in a single 

SMA wire is
w

w
w η

ΔUU =′ .  It remains to specify the maximum strain energies of the plate and 

of the equivalent elastic foundation provided by the wire that corresponds to this strain 

amplitude. The following analysis concentrates on the case of a symmetrically laminated cross-

ply simple supported large aspect ratio plate that bends into a cylindrical surface during forced 

vibrations. The plate is supported by a system of equally-spaced wires oriented along short edges 

(in the x-direction).  

 The maximum strain energy of the equivalent elastic foundation provided by closely-

spaced SMA wires is specified below. Let the motion of the plate be represented by the same 

relation as that leading to equation (6), i.e. 

( ) ( )tfxWw =            (23) 

where ( ) 1max =tf . 

 The mode shape of a large aspect ratio simply supported vibrating plate is represented by  

( ) ∑
=

=
.s

s a
πsxWxW

1
sin           (24) 

The relationship between the maximum per-cycle strain in the wire and the corresponding 

deflections of the plate is specified substituting deflection mode shape (24) into (6). Then the 

integration yields       
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where 
1W

Wn s
s = . 

The maximum value of the foundation strain energy corresponds to  



( ) ( )dxxWtxk
al

U
a

x
f ∫=

0

2,
2

1          (26) 

 The foundation provided by SMA wires in (26) includes only the time-dependent 

contribution, excluding the constant tensile force from the support. Being interested only in the 

maximum value of the tensile strain energy in the SMA wire we can express the maximum 

dynamic tensile stress from the condition  

wirew VεσU 002
1

=′           (27) 

Accordingly, for the known maximum strain 0ε , the maximum stress in the wire is  

wire

w

Vε
U

σ
0

0
2 ′

=            (28) 

 This implies that the maximum strain energy of the unit-width foundation provided by a 

system of SMA wires is (see (9), (21b), (25), (26) and (28)): 
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 The term in (29) that depends on cosine and sine integral is given by (Mathematica 

2009): 
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where 21 axa ≤≤  is the section of the plate supported by the wire.  

 The substitution of 2
1W from (25) into (29) yields 
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The maximum strain energy of the unit-width symmetrically laminated cross-ply plate 

bending into a cylindrical surface is 

( )[ ]dxwDU
a
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2
11 ,

2
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which upon the substitution of (24) yields 
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In terms of the strain amplitude in the wire, the plate energy is  

011

2

εD
a
πU p =           (34)  

 The maximum strain energy of a system of SMA wires per unit width of the plate is 

obtained by (21b) as 

wx

w
w ηl

VεEπ
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2
0′′=           (35) 

 The analysis of the loss factor in the plates supported by a system of parallel SMA wires 

can be conducted as follows. Using a feasible mode shape of motion, we can estimate the 

corresponding ratios
1W

W
n s

s = . Then for a prescribed value of the maximum strain 0ε  the 

maximum strain energy per unit plate width are obtained from (31), (34) and (35). Subsequently, 

the loss factor of the structure (plate and SMA wires) is given by (22). Note that even if the mode 

shape of motion is known, the loss factor is affected by the magnitude of the maximum strain (or 

by the maximum deflection). This reflects a nonlinear nature of the problem. As discussed 

above, the only loss factor accounted for is that contributed by SMA wires. This is a conservative 



assumption but it can always be modified if the loss factors of the plate and the equivalent elastic 

foundation are known.  

 According to this approach, the structure is supported by stretched superelastic SMA 

wires at selected points, rather than continuously (Fig. 5).  The method was considered by 

Birman (2007a,b) and found quite effective. However, the effect of the hysteresis in SMA wires 

on damping was not analyzed in this paper. In this paragraph, we illustrate the application of the 

method to the case where a cross-ply symmetrically laminated large aspect ratio plate 

experiences dynamic bending forming a cylindrical shape. The plate is simply supported and a 

number of closely-spaced SMA wires are connected to the plate at the midspan (see Fig. 5). The 

goal is to estimate the loss factor of such structure accounting for hysteresis of superelastic SMA 

wires.  

Alternative support system: point-wise plate support by superelastic SMA wires 

Contrary to the previous solution, in the present case it appears possible to derive a 

closed-form expression for the loss factor of the structure.  Given the maximum deflection of the 

mid-span of the plate,W , the amplitude of the dynamic reaction force per plate unit-width 

applied by SMA wires to the plate is 

W
al
AσR

x
04=            (36) 

 The corresponding maximum energy of the support per unit width of the plate provided 

by wire is  

2
02 W

al
AσU

x
f =           (37) 

 Substituting (28) and (21b) into (37) and using the relationship 
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we obtain  
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 The energy dissipated in SMA wires per unit plate width is 

xw

w
w lη

VεEπ
U

2
0′′=           (40) 

Note that wf UU 2= . 

The strain energy of the plate vibrating according to (24) is given by  
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  Substituting (39), (40) and (41) into (22) we obtain the closed-form solution for the loss 

factor.  
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Note that the loss factor is a nonlinear function of the amplitude of the strain.   

Numerical results 

The effectiveness of SMA wires supporting the midspan of a large aspect ratio plate 

shown in Fig. 5 was illustrated using experimental data of Gandhi and Wolons (1999). The loss 

factor of the structure consisting of the plate and a system of parallel SMA wires was generated 

as a function of the ratio of the maximum-per-cycle strain energy in the plate to that in the 

system of wires (this ratio is shown along the horizontal axes in Figs. 6 and 7). The loss factor is 

shown in Fig. 6 for the case where the static strain offset in SMA wires was equal to 3.93% for 

three strain amplitudes equal to 1%, 2% and 5% and the frequency of motion equal to 6Hz.  As 

follows from Fig. 6, the larger fraction of the strain energy in SMA wires results in a higher loss 

factor. The loss factor increases with a larger amplitude of strains but this advantage becomes 



less pronounced and even reverses once the strain amplitude reaches 2%. Such result is 

acceptable since high strain amplitude of the plate is unlikely in applications.  

It is instructive to compare the loss factor shown in Fig. 6 to the loss factor of 

representative materials shown in Table 1. As follows from this comparison, even at the strain 

amplitude of 1%, SMA wires can provide excellent damping as long as the structure is designed 

so that the maximum strain energy in the plate does not exceed that in SMA wires by a factor of 

5 or more.  

 

Source: Pan and Cho, 2007. 

The results shown in Fig. 7 illustrate the effect of static offset (static strain) on the loss 

factor of the plate with SMA wires (Fig. 5) vibrating with the dynamic strain amplitude equal to 

2.28% at a relatively low frequency of 0.2Hz. As follows from this figure, the loss factor 

becomes smaller at larger static offset. However, as was noted by Gandhi and Wolons (1999), a 

very small static pre-strain is undesirable since it may result in the SMA wire vibrating outside 

the superelastic hysteresis strain range and a lower damping. Therefore, it is necessary to 

maintain a minimum static offset to ensure that the wire experiencing a superimposed dynamic 

strain vibrates within the total strain range corresponding to the hysteresis loop.  

 

 



Conclusions 

 SMA wires embedded in sleeves and continuously supporting the plate as well as SMA 

wires supporting the plate at discrete points have been analyzed. As follows from numerical 

examples generated for the latter case, such wires can drastically enhance damping of the 

structure. The increase in damping is particularly significant if the static prestress of the wire is 

kept to a necessary minimum. Furthermore, larger amplitude of dynamic strains increases 

damping. The increase in the ratio of the maximum-per-cycle strain energy of the plate to that of 

the SMA wires is counterproductive. In general, a designer should avoid the situation where this 

ratio exceeds a factor of 5.  
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Fig. 1. Plate supported by two mutually perpendicular systems of parallel SMA wires in sleeves. 

 

 

Fig. 2. Numerical and experimental pseudoelastic subloops corresponding to incomplete phase 
transformation. Numerical results are generated by Savi and Paiva (2005), experimental results 
are from Muller and Xu (1991).  From Savi and Paiva (2005). 



 

 

 

Fig. 3. SMA wire subject to a concentrated force Q.  

 

 

 

Fig. 4. SMA wire supporting plate through the sleeve in the region 21 axa << . 
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Fig. 5. SMA wires oriented along the x-axis and supporting the large aspect ratio plate at the 
midspan.  
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Fig. 6. Loss factor of a large aspect ratio plate supported by SMA wires at the midspan. Blue: 
%10 =ε , red: %20 =ε , green %50 =ε . 
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Figure 7. Loss factor of a large aspect ratio plate supported by SMA wires at the midspan as a 
function of the static prestress. Blue: 2.5%, red: 3.5%, green: 4.5%. 

 

 

 

 


